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For each n, we obtain a (polynomial) bound on the chromatic number in terms 
of the maximum size of a complete subgraph, for graphs not having n e K, as an 
induced subgraph. 
In general, there is no bound on the chromatic number of a graph in terms 
of the size of its largest complete subgraph, since there are graphs containing 
no triangle, but having arbitrarily large chromatic number. In this note we 
obtain such a bound for, among others, graphs whose complement contains 
no K,,, ( h dl c or ess 4-cycle), i.e., graphs not having K, UK, as an induced 
subgraph. 
This theorem is unusual in that it was found by specializing a theorem on 
infinite imperfect graphs [3] to finite graphs. The proof is based on a 
construction of Erdos and Hajnal [2, Lemma 4.41, and the author is indebted 
to F. Galvin for directing his attention to [2]. 
Let x(G) denote the chromatic number of G, and let co(G) be the size of 
the largest complete subgraph of G. 
THEOREM. If the graph G does not contain the complement of a chordless 
4-cycle as an induced subgraph, then X(G) < (w’Gi’ ’ ). 
Proof: Let cc) = w(G) and let A be a complete subgraph of G with 
(A ] = w. For each pair of distinct vertices a, b in A, let C,, consist of those 
vertices v such that v is adjacent to neither a nor b. Each C,, is an 
independent set, for any edge in C,, would, together with the edge ab, 
contradict the hypothesis on G. Therefore x(C) < (y), where C = u Cab. 
Now, if the vertex v does not lie in A U C, then v is adjacent to all but one 
vertex of A. For if v is not adjacent to two or more vertices in A then v is in 
345 
00958956/80/060345-02$02.00/0 
Copyright 0 1980 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
346 STANLEY WAGON 
C, while if r~ is adjacent to all of A then A U {v} is a complete subgraph of 
size w  + 1. For each vertex a in A, let Ia consist of those vertices not in C 
which are not adjacent to a. Then {a} U Ia is an independent set, for if v, w  
are adjacent vertices of I,, then {v, w} U A - {a} is a complete subgraph of 
size CI) + 1. It follows that the vertices not in C may be colored in 1 A I= CO 
colors, and so x(G) < (7) + OJ = (“2+ ‘), as desired. 1 
The bound of the theorem is sharp if co = 1 (trivial) or CL) = 2 (consider a 
5cycle). If G is as in the theorem and co(G) = 3 then x(G) < 6. We do not 
know if x = 5 or 6 is possible for such G, although if G is the complement of 
a 7-cycle then w(G) = 3 and x(G) = 4. A more difficult question is whether 
there is a linear bound on x in terms of w  for the class of graphs of the 
theorem. However, it is easy to see, by considering the complement of a 
graph consisting of disjoint Scycles, that if x < aw + b, then a > 3/2. 
The existence of graphs of girth 6 with arbitrarily large chromatic number 
(see [l, p. 1311) h s ows that x is not a bounded function of w  for graphs 
whose complement contains no chordless n-cycle for any n > 5. However, 
the theorem above can be generalized as follows. For n < CO, define fn(~) 
by: flW = 19 “cl+&4 = w.M4 + cu. Then f, is a polynomial of degree 
2(n - 1) in ~1). Using the proof above as an induction step, one easily obtains 
the following result. 
THEOREM. Suppose G does not have n edges, E, ,..., E,, such that if v, v’ 
are on Ei, Ej respectively and i f j, then v is not adjacent to v’; in short, G 
does not have n . K, as an induced subgraph. Then x(G) < f,(cu(G)). 
For graphs with no triangles (and no induced n l KJ this yields that 
x < 2n - 1. If n < 2 this bound is sharp (as noted above), and we have the 
question of whether this is so for all n. For n = 3, x < 5. Note that the 
Griitzch graph (see [ 1, p. 1291) shows that x = 4 is possible. 
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